Abstract. In this paper we derive an explicit formula for the number of representations of an integer by the sextenary form x 2 + y 2 + z 2 + 7s 2 + 7t 2 + 7u 2 . We establish the following intriguing inequalities 2b(n) ≥ a 7 (n) ≥ b(n) for n = 0, 2, 6, 16. Here a 7 (n) is the number of partitions of n that are 7-cores and b(n) is the number of representations of n + 2 by the sextenary form (x 2 + y 2 + z 2 + 7s 2 + 7t 2 + 7u 2 )/8 with x, y, z, s, t and u being odd.
Introduction
Recall that a partition is called a t-core if it has no rim hooks of length t [10] . Let a t (n) be the number of t-core partitions of n. It is well known that [11] , [8] (1.1) Throughout the paper we assume that q is a complex number with |q| < 1. For convenience, the coefficient of q n in the expansion of H(q) will be denoted as [q n ]H(q). For a partition π, BG-rank(π) is defined as an alternating sum of parities of parts of π [2] , [3] . In [4] , the authors found positive eta-quotient representations for the 7-core generating functions n≥0 a 7,j (n)q n , where a 7,j (n) denotes the number of 7-cores of n with BG-rank = j and established a number of inequalities for a 7,j (n) with j = −1, 0, 1, 2 and a 7 (n). In this paper, we prove lower and upper bounds for a 7 (n), namely, The rest of the paper is organized as follows. In the next section, we recall two Lambert series identities of Ramanujan which we extensively use in our proofs. In section 3, we give a brief introduction to modular equations. Then, we prove Theorem 1.3 and from it we derive an explicit formulas for the number of representations of an integer by the sextenary forms
2 )/8 with x, y, z, s, t and u being odd for the later case. In the last two sections, Theorem 1.1 and Theorem 1.2 are proven.
Two Lambert Series Identities of Ramanujan
We start with two Lambert series identities of Ramanujan [6] which we will employ in our proofs.
We should remark that (2.1) and (2.2) are equivalent under the imaginary transformation [7] . It is easy to see that
The coefficients of L(q) and K(q) are clearly multiplicative. The reader may wish to consult [1] for background on multiplicative functions, convolution of multiplicative functions and Legendre's symbol. Using multiplicity it is easy to conclude from (2.
where n has the prime factorization
with p i ≡ 1, 2, 4 (mod 7), q j ≡ 3, 5, 6 (mod 7), and b = s j=1 w j . We note that (2.5) was stated as Lemma 1 in [8] .
Next, let
where the prime factorization of n is defined as above and
, where x and y are the positive unique integers satisfying p = x 2 + 7y 2 provided p ≡ 1, 2, 4 (mod 7) and p > 2. If p = 2, then β = (1 + √ −7)/2,β = (1 − √ −7)/2. Next, We give background information on modular equations.
Modular Equations
For 0 < k < 1, the complete elliptic integral of the first kind K(k), associated with the modulus k, is defined by
The number
, and L ′ denote complete elliptic integrals of the first kind associated with the moduli k, k ′ , ℓ, and ℓ ′ , respectively. Suppose that 
We often say that β has degree n over α. If
two of the most fundamental relations in the theory of elliptic functions are given by the formulas [5, pp. 101-102],
The equation (3.3) and elementary theta function identities make it possible to write each modular equation as a theta function identity. Ramanujan derived an extensive "catalogue" of formulas [5, pp. 122-124] giving the "evaluations" of E(q), ϕ(q), ψ(q), and χ(q) at various powers of the arguments in terms of
The evaluations that will be needed in this paper are as follows
We should remark that in the notation of [5] , E(q) = f (−q). If q is replaced by q n , then the evaluations are given in terms of
where β has degree n over α. Lastly, the multiplier m of degree n is defined by
The proofs of the following modular equations of degree 7 can be found in [5, p. 314 
In the language of modular equations the identities (1.6) and (1.7) are reciprocals of each other [5, p. 216, Entry 24(v)] and so we only prove (1.7). In (1.7), we replace q by −q and use the evaluations given in (3.5)-(3.7), we find that
We divide both sides of (4.1) by √ z 3 z 3 7 and use (3.9) and conclude that (4.1) is equivalent to 49
We prove (4.2).
Set t := (αβ) 1/8 . Then, by (3.10), we have
Let x := 1 − 2t, from (3.11), we have
Similarly, (3.12) is equivalent to
Now using (4.4) and (4.5), we find after some algebra that 49 if n is odd, then
Proof. From (1.6) with q replaced by −q, and the definitions (2.1), (2.2), and (2.6), we have that
Therefore,
These two equations together with (2.4), (2.5) and (2.7) imply (4.8) and (4.9). if n is odd, then
The proof of Corollary 4.2 is very similar to that of Corollary 4.1 and we forgo its proof.
Proof of Theorem 1.1
From (1.7) and the definitions (2.1), (2.2), and (2.6), we have that
Explicit check shows that (1.4) is valid for n = 0, 6 or n = 16 and so we assume in this section that n = 0, 6 or 16. From (5.1), we see that
Instead of proving that (5.2) is nonnegative, we will prove the stronger statement that if n > 1 , then
If [q n ]M (q) = 0, then by (2.4) and (2.5), we have that
where n has the prime factorization n = 7 
From (2.8), we observe that
where p = ββ. Therefore,
It is easy to show that if p and q as above and w is even, then
Using (5.7) and (5.8) in (5.5), we conclude that
Next, we look at even-indexed coefficients. From (5.1), we find that
Therefore, it remains to prove
where n is an even integer, n = 0 + 2 = 2, 6 + 2 = 8 or 16 + 2 = 18. Suppose n has the prime factorization
where p i odd p i ≡ 1, 2, 4 (mod 7), q j ≡ 3, 5, 6 (mod 7), b = s j=1 w j and d > 0. Employing (2.4) and (2.5), we find that
which proves (5.11) if [q n ]M (q) = 0. Thus, we assume now that [q n ]M (q) = 0 that is w i and hence b are all even, by (2.7), we find that
From (5.7), (5.8), and (5.6), we find that From (1.7), and the definitions (2.1), (2.2), and (2.6), we find that
Below we assume that n = 2. Validity of (1.5) for the corresponding value of n = 2 can easily be checked. Therefore, it suffices to prove that if n = 2, then
We start with (6.2). From (2.5) ,
Assuming that s(n) = 0, by (2.5), (2.7), (5.7), and by (5.8), we find that
provided n = 2 or 4 . However, s(4) > 0 and so we conclude that
Next, we prove (6.3). Assume as before that n has the prime factorization,
(−1) wj + q 
Concluding Remarks
We would like to point out that another upper bound for the coefficients of 7-cores is given by the inequality for n = 2, 4, 7, 14, 22, 29, 58.
The proof of the first part of this inequality is similar to that of Theorem 1.1 and is omitted for space considerations. The second part of this inequality follows from Theorem 1.1. It would be interesting to prove all these inequalities for 7-cores in a completely elementary manner. It is natural to ask if our inequalities extend to general t-cores. We offer the following inequality as a conjecture:
[q n ] ψ(q)ψ(q t )
valid for all n, provided that t is an odd integer greater or equal to 11.
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